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Abstract

This paper derives a stochastic volatility extension of the Swap Market Model where a multiplica-
tive stochastic factor equally affects all instantaneous forward swap rate volatilities. First, qualitative
empirical support for such extension is provided, and second, based on the fast fractional Fourier trans-
form and a specific functional form of the instantaneous swap rate volatility a calibration methodology
to European swaption prices is performed.
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1 Introduction

Since the emergence of market models ( Brace et al. (1997), Jamshidian (1997), Miltersen et al. (1997)
and Musiela and Rutkowski (1997)) most of the academic focus has been put on studying Libor-based
models. Many issues have then been investigated within this framework : pricing, hedging, calibration
and extensions. The Libor market model is used as a ground to price both caps and swaptions. Even
though the Libor market model assumes lognormal forward Libor rates it is also used to deal with swap-
tions where the underlying swap rates are also assumed to be lognormal. To overcome this inconsistency,
academics have relied on approximations (see Hull and White (2000) and Jéckel and Rebonato (2003) for
example!.) to price European swaptions within the Libor market model.

Another approach consists in using the Swap market model (hereafter SMM)(Jamshidian (1997)) to di-
rectly price European swaptions. However, very few research papers have investigated the use of the Swap
market model when it comes to deal with swaptions and other related derivatives (see Galluccio and
Hunter (2004) for the case of co-initial swap rates and Galluccio et al. (2004) for that of co-terminal swap
rates). Obviously, the standard version of the Swap market model does not account for the smile observed
in the swaption market. Contrary to the case of the Libor market model, insofar extension of the Swap
market model has only been formulated as a jump-diffusion model (Glasserman and Kou (2003)). Never-
theless, since swaptions are mostly long maturity options we may expect that a jump-diffusion extension
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sattaoui@yahoo.com.
!See Brigo and Mercurio (2001) for an empirical comparison of these approximations.
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would not be very satisfactory.

In this paper I derive a stochastic volatility extension of the Swap market model. Stochastic volatility
models are well known to account for the smile for intermediate and long option maturities. This feature
makes them very suitable for the European swaptions. In the model considered here, swap rate volatilities
are subject to a multiplicative stochastic factor that is common to all of them. This stochastic factor
follows a square-root diffusion process a la Heston (1993).This stochastic volatility extension has already
been applied in the context of the Libor market model by Andersen and Brotherton-Ratcliffe (2001) and
Wu and Zhang (2003), however, none of these papers has provided a justification of this choice. Relying on
market data, I provide some empirical evidence in support of the extension. The model is then calibrated
to a set of market data composed of European swaption prices of various option maturities and swap
lengths. Using a specific parametric form of the instantaneous swap rate volatilities and a based on the
fast fractional Fourier transform (FFrFT) a fast calibration is achieved. Actually, it has become standard
in the academic litterature to use the fast Fourier transform (FFT) to obtain option prices in various
setting (see for instance Carr and Madan (1999), Dempster and Hong (2000) and Benhamou (2002)).
This method offers a significant computational time gain without loss of accuracy which makes it very
appealing for calibration. However, the method lacks flexibility with respect to its implementation : to
achieve high accuracy, one has to care about the choice of the number of points and the upper integration
bound However, the log-strike grid cannot be chosen freely. This disadvantage is circumvented when
applying the fast fractional Fourier transform (FFrFT) since this method permits an independent choice
of both the integration grid as well as the log-strike grid. Besides, as shown by Chourdakis (2005), the
FFrFT may be faster than the FFT.

The outline of the paper is as follows. In the next section, the Swap market model is briefly reviewed.
Section (3) derives a stochastic volatility extension of the SMM, motivates the extension choice, and tests
the computational speed and pricing accuracy of the fast fractional Fourier transform with respect to the
Monte Carlo method. A calibration methodology relying on the fast algorithm is discussed and presented
in section (4). Section (5) concludes.

2 The Swap Market Model : a review

Jamshidian (1997) developed a Swap Market Model where swap rates are assumed to be lognormal.

This assumption, as in the case of the Libor market model, meets market practice which uses Black’s
model to price European swaptions (Black (1976).).
Consider a tenor structure 77 < --- < T}, and n zero-coupon bonds maturing at time 7T;, i = 1,...,n. Let
Sin(t) the swap rate spanning the period T;, — Tj, and the accrual period 0; =T, —=T;1,5=1,...,n
with Ty = 0. In the following, we drop the subscript from the accrual periods and set them all equal to a
constant 9.

Let B(t,T;) the time ¢ price of the zero-coupon bond maturing at time 7;. Its process satisfies the
following dynamics :
dB(t,T;) = B(t,T;) (r(t) dt + o (t, T;) dW (t)) (2.1)
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The forward swap rate satisfies the following relation :

B(t,T;) — B(t, Tn)
Z;’L:iJrl 0 B(t’ TJ)

Denote B;,(t) the fixed-leg process. B;n(t) = 6 37, B(t,T}). If we associate the numeraire B;,,(t)
to the probability measure Q%" (called the forward swap measure) then the forward swap rate process
Sin(t) is a martingale under Q™.

Its dynamics is :

SHI(t) = (2.2)

dSP(t) = SU™(t) P (t) AW (1) (2.3)

where %" (t) is the volatility of the forward swap rate.
Define

Bi,n t) - T _ = k,n us B(t7n) _ T i,n
BGT) ~ (t) =16 jZkHH (1+65""(t))  th BT - L+7;()S""(t) o

and Ti(t) = 0 + Tip1(t) <1 + 6Si+1’"(t)>

The price at time t of a European payer swaption giving the right to enter at time T} into a swap maturing
at time T, is given by :

Swaption(t) = Bm(t)Ei’n {(SM(TZ) - K)Jr] (2.5)

3 A stochastic volatility extension

The Swap market model can be extended to a stochastic volatility model by a means of a common
multiplicative stochastic factor that affects uniformely all swap rate volatilities. In this stochastic volatility
framework, the multiplicative factor process follows a square-root diffusion. This extension has been
applied in the case of the Libor market model by Wu and Zhang (2003) and Andersen and Brotherton-
Ratcliffe (2001).However, none of these studies had motivated this model choice.

3.1 Motivation for the extension : a qualitative investigation

I propose in the following a qualitative examination of the swaption implied volatility matrix. The goal
is to investigate whether there is a common factor (stochastic) that affects in similar way all the volatilities
across option maturities and swap periods. The data used for this task consist of a time-series of at-the-
money implied volatilities (IV) from may 14, 2001 to october 30, 2003. For each date, swaptions of option
expiry of 1, 2, 3, 4, 5 and 10 years and swap period of 1, 2, 3, 4, 5, 6, 7, 8, and 9 are considered. Figure (1)
plots the time-series of various IV. We can notice that all the curves exhibit a similar behavior that is react
similtaneously to the same impact. In addition, from the correlation matrix of percentage changes in the
IV, I computed the eigenvalues and eigenvectors for each sub-correlation matrix, i.e. related to the option
expiry. The results (figure (2)) show that the principal components display similar qualitative patterns
across different option expiries. This feature is another indication in favor of the suggested model.
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|[F1G. 1 about here.|

[F1G. 2 about here.|

3.2 Derivation of the extended model

Under the risk-neutral measure Q the dynamics of the Swap rate and the volatility factor are :

n—1
S (t) = S5 (8) VV (£) oM () | dW (1) — Trt(;) > L+ S M) ot Ty)dt) (3.1
v j=i+1

AV (t) = k(0 — V(1)) dt +1/V () dZ(2) (3.2)

respectively. W and Z are two independent Wiener processes. This fact is supported by a recent empirical
paper in which Chen and Scott (2004) didn’t find evidence on the presence of significant correlation
between changes in interest rates and changes in interest rate volatility.

To price the swaption, we need to use (2.5). Therefore, we must re-write the dynamics of both processes in
equations (3.1) under a new probability measure Q™. This is can be achieved using the Radon-Nikodym
derivatives and the Girsanov theorem. Define [(t) the risk-neutral Q numeraire (i.e. the money market
account), we have

dQ'™  Bj,(t)
dQ  Bin(0)B(t)

(VD) () SN ot T (3.3)
—e( L Y 5 (457 0) o) )

Jj=i+1
=G

where & is the Doléans-Dade exponential.
Hence,

dC 5 n—1 A

C_t — ,/V(t)m N7 1+ S 7))o (t, Ty) dW (1)

t i(t) &=
Jj=i+1

So equations (3.1 and (3.2)become under the forward swap measure :
dS™™(t) = S (t)\/V (t) o™ (t) AW O™ (t) (3.4)
AV (t) = k(0 = V(t)) dt +n/V (t) dZ(t) (3.5)
respectively.

Set Y (t) = log( Y (1)

), and let ¥(y, v, T;u) the characteristic function defined by :

U(y, v, t;u) = B DY (1) =y, V(1) = 0]
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where i = \/—1. Applying Ito’s lemma to ¥(y,v,t;u), we obtain (given the martingale property) the
following partial differential equation :

ov 1, .., 0¥ OV 1, i 020 1, 9?0
with terminal condition
U(u) = exp(iuy) (3.7)

In order to compute the characteristic function we define the following exponential affine form of ¥ :
W(y, v, 6u) = exp(Cle;u) + vD(e;u) + iuy) (3.8)

where € = T — t or more precisely T; — t. Substituting this functional form into Eq. (3.6) we obtain two
ordinary differential equations for D and C :

OD 1 5.9 1 inye,
5 = 5" D*— kD 2(0 ) u(i + u) (3.9)
%—f ') (3.10)

respectively, with initial conditions D(0;u) = 0 and C(0;u) = 0. If we set the coefficients to be piece-
wise constants then it is possible to solve first the Riccati equation Eq.(3.9) and then use its solution to
determine C' Eq.(3.10). The explicit expressions of D and C are as follows :

Proposition 1.

L E+A 0 A exp(Ace)
Dlew) = n? 0.5n2[o(1 — exp(A€)) +2A] (3:11)
B K0 91 o(1—exp(Ae)) +2A
C(e) = C(0) + pe [(A—l—/ﬁ)e 21 g( 5 A >] (3.12)

with

A= \/142 + n?(otm)2u(i 4 u) and 0=217"D(0) —r — A

3.3 Application of the fast fractional Fourier transform

Eq. (2.5) has to be evaluated numerically. It is now standard to rely on Monte Carlo simulations
to obtain prices. This is however achieved, as will be shown later, at the cost of speed. To avoid this
disadvantage, various numerical methods are considered in the litterature as well as by practitioners.
Among them, the fast Fourier transform (see Carr and Madan (1999)) is one of the most used. It offers the
crucial advantage of a low computational time. Nonetheless, its implementation requires a careful choice
of its parameters. The fast fractional Fourier transform? (hereafter FFrFT), introduced by Chourdakis
(2005) in option pricing, offers the advantages of speed and the freedom of choosing the parameters
without any loss of accuracy®.

2The fast Fourier transform used in Carr and Madan (1999) is considered as a specific case of the FFrFT.
3See Chourdakis (2005) for a comparison.
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I compute swaption prices through the FFrFT and compare them, w.r.t. speed and accuracy, to those
obtained by Monte Carlo.
Let’s first write the integral version of eq. (2.5) and then apply the FFrFT. This is achieved in the

Swap market model setting as follows :

Denote k = log(si%(o)) s0 eq. (2.5) becomes :

Swaption(k) = /:O B;n(0) S5™(0)(e¥ — *) f(y)dy (3.13)

where Swaption(k) denotes now the price of a payer swaption at time 0 for a strike exp(k); and f(y) is
the density function of y satisfying

W) = [ iy (3.14)

U(.) is the characteristic function.
Note that equation (3.13) is not square integrable. So we use the following modified swaption price :

S@Eon(kz) = exp(vk) Swaption(k) (3.15)

for v a positive constant satisfying E[(S%:L)V‘H] < o00. Now we can consider a Fourier transform of
SWon(lﬂ) :
oo —_ —
o(u) :/ e* Swaption (k) dk (3.16)
—0o0

which yields,

pl = [~ et [T B0 50 ) 1y) dy i

—0o0 k
N / Bin(0) S"™(0) £ (y) / T (et _ k) g dy
(3.17)
= 5050 7 - ) [ S0y
' y+iu 14+v+iu) J_ o
_ Bin(0) S™(0)¥(u — (y +1)i)
a (v +iu)? + 7 + iu

Having obtained an analytic expression of ¢(u), we can recover the price of the swaption by applying the
inverse transform to Eq.(3.16) :
e~k oo )
Swaption(k) = / ek () du (3.18)
0

™

To apply the fast fractional Fourier transform?, we need to approximate the integral in (3.18) so that
a discrete fractional Fourier transform can be obtained. This is achieved by using a numerical integration

4One of the advantages of this method over the fast Fourier transform is that it works with less restrictions on the
parameters.
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scheme and then re-write the sum hence obtained in a manner that the FFrFT can be applied. Using the
extended trapezoidal rule yiels :

0o
_ _ 1
A zuk du ~ Z e i(s—1)dsk )(55(51511;]\[ + 18127___7]\[_1) (319)

where J, are evenly spaced points (pertained to the characteristic function) and 1 is the indicator function.
N

Furthermore, k£ has also equidistant spacing grids ¢; k; = —7§ +c(l—1).

Hence (3.19) becomes :

N S
< —i(s—1)8s (———+s(1-1)) 1
/0 e F gp(u) du ~ E € 2 Qp(us) 53 (513=1;N + 1s:2,...,N71)

s=1

%
—

Deﬁning Ts = ei(sil)ésT(p(us) (55(518:1;]\7 + 15:27“.7]\[_1), we obtain :

ek N 4 s
Swaption(k) ~ Zeﬂ(s*l) ssl=1) g, (3.20)

T
s=1

The discrete fractional Fourier transform® (hereafter DFTFT) of order® o has the following form :

6727rz s—1)(I-1a T

Mz

s=1
So it suffices that one chooses the values of 6, and < independently” and then recover the value of «

)
through the relation oo = ;—S to transform the sum in (3.20) to a DFrFT. Therefore a fast algorithm can

™
be used to compute the sum obtained.
Following Bailey and Swarztrauber (1991, 1993) and Chourdakis (2005), this is achieved as follows :

N
.7:1($,Oé) _ Z 6727ri(371)(l71)axs
s=1
2 N 2 2
_ —mi(l-1)* o —7mi(s—1)° a  mi(l—s) «
=e e e T
; (3.21)

—7rzl 1)2 Zas br—s
— =D e L (F (0) Fi(b))

where (F;(a)F;(b)) is an element-by-element multiplication.

®The DFYFT is a generalization of the discrete Fourier tranform (See Bailey and Swarztrauber (1991))
5No restriction on the value of the parameter « i.e. it can be real or complex
"In the discrete Fourier transform case these two quantities are linked and hence cannot be chosen freely
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3.4 Monte Carlo Simulation

The forward swap rates are simulated under the terminal measure. Each forward swap rate process
then satisties the following SDE :

el n(t) g (t) 7
dstn(t) = M) V(1) o (1) [dW" -V Z 15;55]2((;) o (3.22)

=i+1 7i(t)

with

n—1 J
) =6 > J[ @+555"1)
j=i k=l+1
As one can notice from Eq.(3.22), discretizing the drift is very challenging. To overcome this feature, I
discretize the swap rates as in Glasserman and Zhao (2000).
This is achieved as follows : Since 7; is a Q™-martingale, the process Y; 1 defined by 6Y; 1 =7_1—7,—0
(i=1,...,n—1) is also a martingale under the terminal measure.
The dynamics of Yj is
dvi(t)
Yi(t)

V(t) o) dW™(t) (3.23)

where
j—1

Z oY ] M}
j—it2 heit2 Tk
Once® Y; at time (¢+At) is determined, we can obtain the swap rate S“™ at (¢-+ At) using the relationship

; Yi_
gin = 271 ,with 7y =1+4+0[n—1—i+ 370" 2Y;j]. Also from (2.4), 79 = 6 4 (1 + 6 SV") 7.

T3

O_iY — O,z+1,n

Ti41 |:

To implement the square-root process (Eq.(3.2)), a moment-matching discretization scheme? for the vo-
latility is used.
Hence, paths for the volatility process are computed as follows :

1
V(Thy1) = (9 + (V(Ty) - 0) e—“(TkH—Tk)) e~ 2N T 4T (T (3.24)
Where
772 —kAL —2rAt —kAL]2
9 | 2V(T)[e7m —e | +0[1—e "2

(6 + e F AUV (Ty) — 0))° }
and v, k=1,2,...,n — 1 are independent standard normal random variables.
The simulation algorithm is built in the following way :

[(T})? = log [1 +

i. Generate M paths for the volatility process as in (3.24)

ii. For each path m = 1,..., M simulate IV paths of the swap rates via the processes Y and compute
an average price of the swaption.

iii. The price of the swaption is the average of over M prices generated in (ii.)

8 i=n—-2,...,0
9See Andersen and Brotherton-Ratcliffe (2001)
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3.5 Numerical results

To price European swaptions I implement a one factor version of the stochastic volatility SMM. This
low dimensional choice is motivated by the fact that there is empirical evidence (see Driessen et al. (2003)
for example) that high pricing performance can be achieved with as few as a one-factor model. In addition,
an examination of the data introduced at the beginning of section (3) shows that the implied volatilities
exhibit a decreasing pattern both in the option maturity and swap period (see figure (3).). The following
volatility structure guarantees this feature : o®*(T}) = 0.187¢~%08(=k) We also set § = 1 and the
discount factors used for the calculation are reported in table (1).

[TAB. 1 about here.]
[F1G. 3 about here.]

For the stochastic volatility dynamics, the parameters used are V(0) = § = k = 1 and n = 1.5.
Thousands of Monte Carlo simulations (M = 100000 and N = 512) with antithetic variates are used to
obtain the prices of swaptions across strikes. Figure (4) plots the results which indicate that the prices
obtained depend on both the strike level as well as on the time-to-maturity (option expiry).

|[F1G. 4 about here.|

Applying the fast fractional Fourier transform has several advantages as will be shown below. Let’s first
say a word on the flexibility of this method over the fast Fourier transform. Both numerical methods aim
at computing, in a fast manner, the sum (and hence the integral) in eq (3.20). For the FFT, one has to
decide on the choice of the parameters : the number of points N and the integration grid to imply the log-
strike grid. Therefore, getting a small log-strike grid hinges on the choice of a big integration grid which
may attenuate the accuacy of the overall results. Thus, from a pratical point of view this method turns
out to be less appealing than the FFrFT since under the latter a free choice of the parameters is made
possible. One can choose independently the values of N, ds and A. Hence, the model is easily implemented.
In our setting, extensive tests have been carried out and the resuslts show that a §; = 0.2combined with
64-point FFrFT yield very satisfactory results as shown in figure (5). One can notice that the difference
between Monte Carlo prices and FFrFT prices is very small for at-the-money options. As we move away
the accuracy decreases but still within a reasonable and acceptable interval (less than 1%).

|[F1G. 5 about here.|

Figure (6) shows that the choice of ¢ is appropriate since the real and imaginary parts are well under
10~%. Lee (2004) discusses various others conditions for the choice of §.

|[F1G. 6 about here.|

These results are obtained with v = 3. The choice of the value of v turns out to be very crucial since for
values v < 2 I have obtained poor results (more than 1% difference) especially for long maturity options.
Finally, the computational speed is very high : On a Pentium4 3Ghz, the execution time for a single price
is 126.90 seconds, whereas, using FFrFT to obtain 64 prices lasts much less than one second (0.23 second).
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4 Calibration

Calibration is very important in financial modelling. However, when one uses a stochastic volatility
model the calibration procedure turns out to be very time consuming if one resorts to Monte Carlo
simulations. As I have shown in the previous section, the flexibility, speed and accuracy of the FFrFT
makes it very appealing to be applied to the calibration phase. This section describes and discusses
the calibration methodology to be employed in the stochastic volatility SMM setting. First I assume a
functional form of the swap rates instantaneous volatility structure. The chosen form has to meet the
following empirical evidence : the volatility decreases with long time-to-maturity option and with large
swap periods'®. This is ensured by taking a modified form of the structure used in the previous section,
le. g(T;—t) = ae Ti=t) 4 4. A perfect calibration of the volatility’s parameters is achieved when scaling
factors, f3;(t), are introduced. Hence,

o (t) = Bi(t) g(T; — t) (4.1)

The f;(t) have to be as close as possible to unity. As one can notice, the volatility structure does not
depend on the length of the swap period T}, — T;. Therefore, seperate calibration can be performed for
each swap period (1,2,...,9 years). This procedure is followed, for instance, in Galluccio et al. (2004) and
De Jong et al. (2001). However, one can still calibrate the whole swaption volatility matrix by making
the coefficient a in (4.1) decreasing in the swap period (T}, — T;) :

Proposition 2. A swap rate instantaneous volatility is decreasing with swaption expiry and swap period.
The functional form below meets this feature and ensures perfect calibration to market data.

oM () = B f(Tn = Ti, T — 1) (4.2)
with
F(T0 =TT, —t) = a(Tp — Tj) "2 e T 4 ¢ (4.3)
where a, b and ¢ are positive constants.

This parametric form allows to recover the desired features of the market volatility, specifically, time-
homogeneity and a decreasing structure both in option expiry and swap length, without using additional
parameters with regard to swap period specific calibration procedure.

Calibration of the stochastic volatility SMM can be carried out in a two-step procedure. First the
parametric instantaneous volatilities are calibrated as if the smile does not exist. And second, using the
obtained instantaneous volatilities, the calibration for the multiplicative factor’s parameters minimizes
the sum of pricing errors between the model and market prices, namely

2
min > [C(Ti, Ty, 0™, K;,0) — O™ (T T 0t o K (4.4)

with ¢ = (V0,7,k,6). C(T;, Ty, 0", K;,¥) and C™keY(T;, T, o' | K;) are the model and market
prices of European swaptions, respectively. K is the strike rate.

10Tn the data considered in this paper as few as 2% of the volatility shapes exhibit a "hump". This is different form the
cap market where a hump at around two years is much more frequent.

10
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The main advantage of this methodology, besides not using a constrained optimization procedure, is
that it avoids overparametrization which may cause an undesired overfitting. Specifically, this two-stage
calibration uses at each step as few as three or four parameters comparing to a seven free parameters in
a global minimization procedure.

I propose in the following to calibrate, using the FFrFT, the stochastic volatility SMM to a set of
market data. The data used here consist of forward swap rates and at-the-money implied volatlities for
swaptions whose total maturities (option expiry + swap length) are equal to or less than 10 years. Table
(2) shows the scaling factors obtained from the calibration of a whole swaption matrix.

[TAB. 2 about here.|

Apart from the short swap period (1 year) where the scaling factors are quite far from unity, although
centered aroud a single value, all the remaining scaling factors satisfy the requirement. The calibrated
parameters of the swap rate instantaneous volatilities are given in table (3).

[TAB. 3 about here.|

Table (4) gives the fitted parameters for the stochastic volatility SMM and figure (7) plots the pricing
errors in bps across swap periods for different option expiries.

[TAB. 4 about here.]

|[F1G. 7 about here.|

5 Conclusion

This paper develops a stochastic volatility extension of the Swap market model. In this setting all
swap rates volatilities are subject to a common stochastic multiplicative factor that follows a square-
root process. Qualitative empirical insight for such a model choice has been provided. Furthermore, since
the accuracy of Monte Carlo simulations is achieved at the expense of speed I assess the performance
of the fast fractional Fourier transform is assesed and employed to calibrate the model. The calibration
methodology is enhanced by means of a specif form of the instantaneous swap rate volatility that depends
on both the option time-to-maturity and the swap length. A future line of research may assess the pricing
and hedging performance of the model.

11



A Stochastic Volatility Swap Market Model

References

Andersen, L. and Brotherton-Ratcliffe, R. (2001). Extended Libor Market Models with Stochastic Vola-
tility. Working paper, Gen Re Securities.

Bailey, D. and Swarztrauber, P. (1991). The Fractional Fourier Transform and Applications. SIAM
Review, 33(3) :389-404.

Bailey, D. and Swarztrauber, P. (1993). A Fast Method for the Numerical Evaluation of Continuous
Fourier and Laplace Transforms. Technical report, RNR.

Benhamou, E. (2002). Fast Fourier Transform for Discrete Asian Options. Journal of Computational
Finance, 6(1) :49-68.

Black, F. (1976). The Pricing of Commodity Contracts. Journal of Financial Economics, 3 :167-179.

Brace, A., Gaterek, D., and Musiela, M. (1997). The Market Model of Interest Rate Dynamics. Mathe-
matical Finance, 7(2) :127-155.

Brigo, D. and Mercurio, F. (2001). Interest Rate Models, Theory and Practice. Springer-Verlag, Berlin.

Carr, P. and Madan, D. (1999). Option Valuation Using the Fast Fourier Transform. Journal of Compu-
tational Finance, 3 :463-520.

Chen, R. and Scott, L. (2004). Stochastic Volatility and Jumps in Interest Rates : An International
Analysis. Working paper, Rutgers University.

Chourdakis, K. (2005). Option Pricing Using the Fractional FET. Journal of Computational Finance,
8(2). Winter.

De Jong, F., Driessen, J., and Pelsser, A. (2001). Libor Market Models versus Swap Market Models for
Pricing Interest Rate Derivatives : An Empirical Analysis. European Finance Review, 5 :201-237.

Dempster, M. and Hong, S. (2000). Spread Option Valuation and the Fast Fourier Transform. In Geman,
H., madan, D., Pliska, S., and Vorst, T., editors, Mathematical finance : Selected papers from the first
World Congress of the Bachelier Finance Society, pages 203-220, Paris.

Driessen, J., Klaassen, P., and Melenberg, B. (2003). The Performance of Multi-Factor Term Structure
Models for Pricing and Hedging Caps and Swaptions. Journal of Financial and Quantitative Analysis,
38(3) :635-672.

Duffie, D. (2001). Dynamic Asset Pricing Theory. Princeton University Press, Princeton and Oxford,
third edition.

Galluccio, S., Huang, Z., Ly, J.-M., and Scaillet, O. (2004). Theory and Calibration of Swap Market
Models. Working paper, BNPParibas Fixed Income and FAME.

Galluccio, S. and Hunter, C. (2004). The Co-initial Swap Market Model. Economic notes, 23(2) :209-232.

12



A Stochastic Volatility Swap Market Model

Glasserman, P. and Kou, S. (2003). The Term Structure of Simple Forward Rates with Jump Risk.
Mathematical finance, 13(3) :383-410.

Glasserman, P. and Zhao, X. (2000). Arbitrage-free discretization of Lognormal Forward Libor and Swap
Rate Models. Finance and Stochastics, 4(1) :35-68.

Heston, S. (1993). Closed-Form Solution for Options with Stochastic Volatility with Applications to Bond
and Currency Options. Review of Financial Studies, 6(2) :327-343.

Hull, J. and White, A. (2000). Forward Rate Volatilities, Swap Rate Volatilities, and Implementation of
the Libor Market Model. The Journal of Fized Income, pages 46—62.

Jamshidian, F. (1997). Libor and Swap market models and measures. Finance and Stochastics, 1 :293-330.

Jackel, P. and Rebonato, R. (2003). The Link between Caplet and Swaption Volatilities in a
Brace-Gatarek—Musiela/Jamshidian Framework : Approximate Solutions and Empirical Evidence.
Journal of Computational Finance, 6(4) :35-45.

Kloeden, P. and Platen, E. (1992). Numerical Solution of Stochastic Differentiel Equations. Springer-
Verlag, Berlin.

Lee, R. (2004). Option Pricing by Transform Methods : Extensions, Unification, and Error Control.
Journal of Computational Finance, 7(3) :51-86.

Lewis, A. (2000). Option Valuation under Stochastic Volatility with Mathematica Code. Finance Press,
Newport Beach.

Miltersen, K., Sandmann, K., and Sondermann, D. (1997). Closed Form Solutions for Term Structure
Derivatives with Lognormal Interest Rates. The Journal of Finance, 52(1) :409-430.

Musiela, M. and Rutkowski, M. (1997). Continuous-time term structure models : Forward measure
approach. Finance and Stochastics, 1 :261-291.

Rebonato, R. and Joshi, M. (2002). A Joint Empirical/Theoretical Investigation of the Modes of De-
formation of Swaption Matrices : Implications for the Stochastic- Volatility LIBOR Market Model.
International Journal of Theoretical and Applied Finance, 5(7) :667-694.

Wu, L. and Zhang, F. (2003). Fast Swaption Pricing under Libor Market Model with Stochastic Volatility.
Working paper, University of Science and Technology, Hong Kong.

13



A Stochastic Volatility Swap Market Model

40 q

35 4

30 -

25 4

20 4

Implied Volatilities (%)

—yty
ydy
—4y9y

—2y5y

& & & v

& & &

N & N S
R S S

S
N

)

T T T T
o o o &

N N N N

o> o N o

N ¢ N S

3 K W N

&
Q"\°
O

Fi1G. 1 — Implied Volatilities

0,8 q

0,6 q

0.4

0,29

—PC1-5y
—PC2-5y
PC3-5y
PC1-6y
—PC2-6y
—PC3-6y

factor loadings

-0,2 q

0.4 1

-0,6 |

-0,8 -

factor loadings

0,8 q

0,6 q

0.4

0,24

—PC1-2y
—PC2-2y
PC3-2y
PC1-9y
— PC2-9y
— PC3-9y

-0,2 q

04

-0,6

-0,8 -

The most significant principal components for swap options expiring in 1, 5, 6 and 9 years for different swap periods.

(a) Option expiry= 5y & 6y

(b) Option expiry= 2y & 9y

F1G. 2 — Principal components

14




A Stochastic Volatility Swap Market Model

e
w
@

—=—2years
4years

——Tyears
9years

=

w
/

/

=
N
@

=3
XY
/
o

Implied volatility
o
o
/
/
/

o

(=
=}
@

0 T T T T T T |

Option expiry

This figure plots European swaptions implied volatilites across option expiries for different swap periods.

Fic. 3 — Market implied volatility patterns.

350

O 1y9y
* 2y8y
- 3yry
L 4y6y
300 Jpé:g
250
@
a
=
S, 200
3
153
5
c
S
§ 150
=
9
100~
50
0 I ,
0.4 0.5 0.6 0.7 0.8 0.9 1 11 12 13

Moneyness

European swaption prices obtained by Monte Carlo simulation. Moneyness is computed as the ratio of the forward swap rate to the

strike rate.

F1G. 4 — Prices of European swaptions.

15



A Stochastic Volatility Swap Market Model

0,80%

*2y8y
u3y7y
4y6y
0.60% seosss0a,,
"'
* "
*
EEEEEm * *
0,40% annt® LT ‘.
L *e
L] ™ -
L] *
L] *
L] ™ -
MR
2 0,20% L .
g ',
s "o
= M
£ ue
s ue
a 0,00% T T T T T T : P T T 1
0{7 075 0.8 0,85 09 095 1 wls 1.1 1,15 1.2
e
"o
e
-0,20% LY
e
"o
"o
L]
-0,40% [ ]
-0,60%
moneyness (S/K)
Pricing errors of the FFrFT compared to Monte Carlo
Fi1G. 5 — FFrFT vs. MC
o
009
02 0.08
0.07
0.15 006
0051
01 004
003
0.05 002
001
0 ol
001
0 10 20 EY s 50 50 7 10 20 30 ) 50 50 70

(a) Real part (b) Imaginary part

The real and imaginary parts of 64-point FFrFT combined with an integration grid of 0.2.

Fic. 6 — Byby swaption

16



A Stochastic Volatility Swap Market Model

0.6

pricing differences (bps)
pricing differences (bps)

06
Il -0.8 Il Il Il Il Il Il J
2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8
swap period swap period
(a) 1 year expiry (b) 2 years expiry
0.3r 04r

pricing differences (bps)
pricing differences (bps)

06 I I I I )
1 2 3 4 5 6 7
swap period swap period
(c) 3 years expiry (d) 4 years expiry
05-

0.45

o
o W 1N
w a »

pricing differences (bps)
o
N
w

0.2
0.15
0.1
0.05
o ; : ; &
swap period

(e) 5 years expiry

FiGc. 7 — Pricing differences



A Stochastic Volatility Swap Market Model

Maturity | Discount factors

0 1

1 0.978883539
2 0.949155972
3 0.915053829
4 0.877723523
5 0.838785605
6 0.799090969
7 0.759352775
8 0.720508249
9 0.682892585
10 0.64643697

The discount factors used to perform the calculations for the simulation section.

TAB. 1 — Discount factors

. Swap period
Expiry =7 2 3 4 5 6 7 8 9
1 0,80643 0,95017 0,99647 1,01676 1,02446 1,02783 1,01139 1,01352 1,00820
2 0,79691 0,93334 0,99083 1,01240 1,02560 0,99818 1,03042 1,03358
3 0,7697 0,91613 0,99755 1,01532 1,01894 1,03367 1,04255
4 0,74573 0,90730 0,98689 1,00301 1,00825 1,02900
) 0,73226 0,89492 0,97558 0,99363 1,00412

Scaling factors obtained from the calibration of a swaption matrix to market data on 05-21-2003.

TAB. 2 — Scaling factors

C

0,4546
0,5336
0,0514

TAB. 3 — Fitted Swap rate instantaneous volatility parameters
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K 0.028472
9 2.9098

n 0.63347
V(0) 1.0084

Fitted parameters are obtained by minimizing mean squared swaption prices differences. All the options with total maturities < 10
years are used for the calibration.

TAB. 4 — The Stochastic Volatility SMM calibrated parameters on 05/21/2003
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